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Let G be a ﬁnite group of odd order and let F be a ﬁnite ﬁeld.
Suppose that V is an FG-module which carries a G-invariant non-
degenerate bilinear form which is symmetric or symplectic. We
show that V contains a self-perpendicular submodule if and only
if the characteristic polynomials of some speciﬁed elements of G
(regarded as linear transformations of V ) are precisely squares.
This result can be applied to the study of monomial characters if
the form on V is symplectic, and self-dual group codes if the form
is symmetric.
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1. Introduction
Let G be a ﬁnite group and let F be a ﬁnite ﬁeld. Suppose that V is a ﬁnite-dimensional FG-
module which carries a G-invariant non-degenerate bilinear form b. If b is symmetric then we call V
a symmetric F G-module, and if b is symplectic, that is, if b is skew-symmetric and in addition when
F has characteristic 2, b(v, v) = 0 for all v in V , then we call V a symplectic F G-module.
Furthermore, given a symmetric or symplectic FG-module V , we say that V is hyperbolic if it
contains a self-perpendicular submodule W , namely, W is an FG-submodule satisfying W⊥ = W .
Hyperbolic symplectic modules play an important role in the study of monomial characters and
M-groups, see [1,7,9,10,14] and the references therein. Here we recall that an irreducible (complex)
character of a ﬁnite group G is said to be monomial if it can be induced from a linear character of
some subgroup of G , and the group G is called an M-group if all of its irreducible characters are
monomial.
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codes and self-dual permutation codes, see [2,15,16,18], for example. In coding theory, a group code
is merely a left ideal of the group algebra FG and an extended group code is an FG-submodule
of F ⊕ FG where G acts trivially on the additional component F . Because both FG and F ⊕ FG can be
viewed as symmetric FG-modules with the form deﬁned by the standard inner product, the self-dual
codes are precisely the hyperbolic submodules. For permutation codes, the reader is referred to [2].
The main purpose of this paper is to ﬁnd some necessary and suﬃcient conditions for a symmetric
or symplectic FG-module V to be hyperbolic. An obvious necessary condition is that every self-dual
simple FG-module occurs with even multiplicity in a composition series of V . This condition is also
suﬃcient in many important cases. However, it is not so easy to test in practice. For ﬁnite groups of
odd order, we will present an effective criterion for this condition by using characteristic polynomials
of linear transformations, see Corollary B and Corollary C below.
To be able to deal with symmetric FG-modules and symplectic FG-modules simultaneously, we
will work with self-dual F G-modules. Recall that an FG-module V is said to be self-dual if V ∼= V ∗
as FG-modules, where V ∗ = HomF (V , F ) is the dual of V . It is well known that V is self-dual if and
only if it carries a G-invariant non-degenerate bilinear form (see [5, VII.8.10]). Here we stress that a
theme of the paper is modules over “small” ﬁelds, due to the following result (see [5, VII.8.22] or [14,
Lemma 2.8]).
Lemma 1. A group of odd order has no non-trivial absolutely irreducible self-dual modules over any ﬁeld.
To state our results we need to establish some notation that will be used freely in the paper. For
any positive integers q and m with gcd(q,m) = 1, the least positive integer k satisfying the congruence
qk ≡ 1 (mod m) is called the order of q modulo m, denote by k = ordm(q). We write π(q) for the set
of odd primes p with p  q and ordp(q) even. For each integer i  1, we let πi(q) be the set of odd
primes p such that p  q and 2i is the highest 2-power of ordp(q). Clearly π(q) =⋃i1 πi(q).
Moreover, for a set π of primes we call a positive integer n a π -number (or π ′-number) if p ∈ π
(or p /∈ π ) for every prime divisor p of n. Let G be a ﬁnite group and g ∈ G . Then we say that g is
a π -element if its order o(g) is a π -number, and that G is a π -group if its order |G| is a π -number.
It is well known that g can be uniquely expressed as g = xy for some x, y ∈ G , such that x is a
π -element, y is a π ′-element and xy = yx. Then we call x the π -part of g and y the π ′-part of g .
When π consists of a single prime p, as usual, we always replace π and π ′ by p and p′ , respectively.
For the sake of simplicity, we say that a self-dual FG-module V is an even-multiplicity module,
provided that every non-trivial self-dual simple FG-module occurs with even multiplicity in a com-
position series of V . We note that Dade actually proved (in our words) that if V is a symplectic
FG-module and G has odd order, then V is hyperbolic if and only if it is an even-multiplicity mod-
ule. This easily follows by Proposition 2.1, along with Proposition 1.10 and Corollary 2.10 of [1] (see
the proof of Corollary B below for details). In fact, this result also holds for symmetric modules under
an extra assumption on the F -space V , see Corollary C below.
Now the main result of the paper can be stated as follows.
Theorem A. Let G be a group of odd order and let F be a ﬁnite ﬁeld with q elements. For each i  1, let
πi = πi(q) deﬁned as above. If V 	= 0 is a self-dual F G-module, then the following conditions are equivalent.
(1) V is an even-multiplicity F G-module.
(2) For each i  1, the restriction VC is an even-multiplicity F C-module for every cyclic πi -subgroup C of G.
(3) For each i  1 and each πi -element g of G, the characteristic polynomial determined by g on V is of the
form (x− 1)e f (x)2 , where e ∈ {0,1} satisfying dim V ≡ e (mod 2) and f (x) ∈ F [x].
Note that in the situation of Theorem A, it easily follows that V is an even-multiplicity FG-module
if and only if VC is also an even-multiplicity F C-module for every cyclic subgroup C . This “cyclic
induction”, however, does not hold in general for groups of even order, as indicated by an example
given in Section 3. In addition, we will present two examples in Section 2 to show that Theorem A is
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and that in Theorem A, not all of elements of G have the characteristic polynomial of the form given
in (3) even if V is an even-multiplicity module.
We will prove Theorem A in Section 3 by using some standard facts from characters and represen-
tation theory. Actually, we will ﬁrst reduce the group G in Theorem A to an M-group, and then to a
cyclic group. This “cyclic case” will be treated alone in detail in Section 2.
As an immediate application of Theorem A to symplectic FG-modules, we have the following
criterion for the existence of self-perpendicular submodules.
Corollary B. Let G be a group of odd order and let F be a ﬁnite ﬁeld with |F | = q. If V 	= 0 is a symplectic
F G-module, then V is hyperbolic if and only if for each i  1, the characteristic polynomial on V determined
by every πi(q)-element of G is a square of a polynomial over F .
It should be pointed out that Corollary B covers Loukaki’s theorem [14, Theorem A] that is re-
markable but requires odd characteristic for the ground ﬁeld. In fact, as a by-product we provide an
independent proof of Loukaki’ theorem, neither restricting the characteristic of the ground ﬁeld nor
using Dade’s deep theorem [1, Theorem 3.2], although this paper and proof owe a lot to the approach
of Dade and Loukaki.
For hyperbolic symmetric FG-modules, we also have a similar criterion.
Corollary C. Let G be a group of odd order and let F be a ﬁnite ﬁeld with q elements. If V 	= 0 is a symmetric
F G-module which contains a self-perpendicular F -subspace, then V is hyperbolic if and only if for each i  1,
the characteristic polynomial on V induced by every πi(q)-element of G is a square of a polynomial over F .
Note that in the situation of Corollary C, the F -space V always contains a self-perpendicular sub-
space if both q and dim V are even.
Perhaps some words about Brauer characters are appropriate here. Fix a prime p. Following [8]
or [17], we choose a maximal ideal M of the full ring of complex algebraic integers R such that
pR ⊆ M and set F = R/M. Then F is an algebraically closed ﬁeld of characteristic p and the
Brauer character afforded by an FG-module is a complex-valued function deﬁned on p′-elements
of G . Denote by IBrp(G) the set of irreducible Brauer characters of G . When we use this notation,
or more generally when we talk about Brauer characters, it is understood that the maximal idea M
have been ﬁxed. By [8, Theorem 15.13], in the extreme case where p  |G|, we have IBrp(G) = Irr(G),
the set of complex irreducible characters of G .
Furthermore, given a ﬁnite ﬁeld E that contains a |G|-th primitive root of unity, without loss
we may always assume E ⊆ F . In this case, since E is a splitting ﬁeld for G , every EG-module is
absolutely irreducible and hence affords a Brauer character of G . For brevity, we will simply talk
about Brauer characters afforded by EG-modules in the sequel, although the strict deﬁnition of a
Brauer character depends on the choice of the maximal ideal M.
Throughout this paper, all groups are ﬁnite and all modules are assumed to be ﬁnite-dimensional
over the ground ﬁeld. In the proof of Theorem A, we will frequently use the Feit–Thompson theorem
on odd order groups, the Clifford theorem over arbitrary ﬁelds (see [8, Theorem 6.5]) and the Krull–
Schmidt theorem for modules (see [4, I.12.4] for example), without further references. The reader
is referred to [4,5,8,17] for group theory, character theory and modular representation theory for
unexplained notation and results.
2. Cyclic groups and characteristic polynomials
In this section we will prove Theorem A in the case where the group G is cyclic with
gcd(|F |, |G|) = 1. For the sake of simplicity, we will ﬁx a ﬁnite ﬁeld F with q elements.
We ﬁrst state some elementary properties of irreducible polynomials over F . Given a polynomial
f (x) ∈ F [x] of degree n with f (0) 	= 0, we deﬁne the dual of f (x) to be f ∗(x) = xn f ( 1x ). We say that
f (x) is self-dual if f (x) = f ∗(x).
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of f (x) in a splitting ﬁeld E of f (x) constitute an orbit under the Galois group Gal(E/F ) of the ﬁeld
extension E/F . Thus we may let ξ, ξq, . . . , ξq
n−1
be all the roots of f (x) in E . We call the multiplicative
order of ξ the order of f (x) and denote it by ord( f ). Clearly the degree n of f (x) is the multiplicative
order of q modulo ord( f ).
The following result is well known.
Lemma 2.1. Let G = 〈g〉 be a cyclic group, let V 	= 0 be an FG-module, and let c(x) ∈ F [x] be the characteristic
polynomial deﬁned by g on V . Then the following assertions hold.
(1) V is a simple F G-module if and only if c(x) is irreducible over F .
(2) V is a self-dual F G-module if and only if c(x) is self-dual.
(3) Suppose that V is a simple F G-module. If V ′ is also a simple F G-module and c′(x) is the characteristic
polynomial of g on V ′ , then V ∼= V ′ as F G-modules if and only if c(x) = c′(x).
Proof. (1) This is a standard result from linear algebra.
(2) By [5, VII.8.2], we see that the dual c∗(x) of c(x) is exactly the characteristic polynomial of g
on V ∗ . This proves (2).
(3) Note that V can be regarded as an F [x]-module in the obvious way and c(x) is also the minimal
polynomial of g on V by (1). Therefore we have V ∼= F [x]/c(x)F [x] and the result follows. 
We will characterize the duality of an irreducible polynomial in terms of its order.
Lemma 2.2. Let f (x) be an irreducible polynomial over F . If the order ord( f ) of f (x) is odd, then f (x) is
self-dual if and only if ord( f ) is a πi(q)-number for some integer i  1.
Proof. Let n = ord( f ). We may deﬁnitely assume that n > 1. Fix a splitting ﬁeld E of f (x) over F .
Since f (x) is irreducible over F , all the roots of f (x) in E are precisely ξ, ξq, . . . , ξq
r−1
, where ξ ∈ E
is an n-th primitive root of unity and r = ordn(q).
Assume ﬁrst that f (x) is self-dual. Then ξ−1 is also a root of f (x) in the splitting ﬁeld E . So
qk ≡ −1 (mod n) for some k  1. Write k = 2i−1k′ with i  1 and 2  k′ . For every prime divisor p
of n, we have ordp(qk) = 2 as p 	= 2, which implies that (in the group U (p) of units modulo p)
ordp(q) = ordp
(
qk
) · gcd(ordp(q),k
)= 2gcd(ordp(q),k
)
.
Therefore, the 2-part of ordp(q) is necessarily 2i and p ∈ πi(q). This proves that n is a πi(q)-number
for some i  1.
Conversely, assume that n is a πi-number for some i  1. Fix a prime divisor p of n. Then 2i
is the 2-part of ordp(q) by deﬁnition. Consider the natural homomorphism from U (pe) onto U (p),
where e  1 with pe|n but pe+1  n. Clearly the kernel of this homomorphism has order pe−1 that
is odd since p 	= 2, which implies that 2i is also the 2-part of the order ordpe (q) of q in U (pe). So
q2
i jp ≡ 1 (mod pe) for some odd jp . As p is an odd prime and i  1, we have q2i−1 jp ≡ −1 (mod pe).
Now, let j =∏ jp where p runs over the prime divisors of n. Then q2i−1 j ≡ −1 (mod n) as j is odd.
Hence ξ−1 is also a root of f (x) in E , which clearly implies that f (x) is self-dual. 
We still need a lemma which is of independent interest.
Lemma 2.3. Let F be a ﬁnite ﬁeld with q elements and suppose that G = 〈g〉 is a cyclic πi(q)-group for some
i  1. Then every FG-module is self-dual. Furthermore, an FG-module V 	= 0 is an even-multiplicity module
if and only if the characteristic polynomial of g on V has the form (x − 1)e f (x)2 where e ∈ {0,1} satisfying
dim V ≡ e (mod 2) and f (x) ∈ F [x].
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the ﬁrst assertion, it suﬃces to prove that each simple FG-module U is self-dual. Let c(x) be the
characteristic polynomial of g on U . Then c(x) is irreducible over F by Lemma 2.1. Since ord(c)
equals the order of the linear transformation induced by g on U , it follows that ord(c) divides o(g)
which is a πi-number by the hypothesis. Hence c(x) is a self-dual polynomial by Lemma 2.2 and U
must be self-dual by Lemma 2.1 again.
Now suppose that V is a non-zero FG-module. Then V is semi-simple and hence V =⊕mi=1 kiWi ,
where Wi are distinct simple FG-modules and ki  1. The characteristic polynomial of g on V is∏m
i=1 ci(x)ki , where ci(x) is the characteristic polynomial of g on Wi . The ci(x) are coprime, by
Lemma 2.1. The last statement now follows. 
The main result in this section is the following.
Theorem 2.4. Let G = 〈g〉 be a cyclic group of odd order and F a ﬁnite ﬁeld with q elements such that
gcd(|G|,q) = 1. Write gi for the πi(q)-part of g for each i  1. If V 	= 0 is a self-dual F G-module, then
the following statements are equivalent.
(1) V is an even-multiplicity F G-module.
(2) For each i  1, the restriction V 〈gi〉 is an even-multiplicity module.
(3) For each i  1, the characteristic polynomial of gi on V has the form (x − 1)e f (x)2 , where e ∈ {0,1}
determined by dim V ≡ e (mod 2) and f (x) ∈ F [x].
Proof. Since o(gi) is a πi(q)-number for each i  1, Lemma 2.3 implies that “(2) ⇐⇒ (3)”. Note that
“(1) ⇒ (2)” clearly holds. To complete the proof, it suﬃces to prove “(2) ⇒ (1)”.
Assume (2). As V is a self-dual semi-simple module, we may assume that V contains a non-trivial
self-dual simple submodule and write
V ∼= k0F ⊕ k1W1 ⊕ · · · ⊕ kmWm ⊕
(
U ⊕ U∗),
where k0  0, k j  1 for all j = 1, . . . ,m, F is the trivial FG-module, W j are distinct (up to iso-
morphism) self-dual non-trivial simple FG-modules and U , hence its dual U ∗ , is a semi-simple FG-
module none of whose simple submodules is self-dual. It suﬃces to prove 2 | k j for all j = 1, . . . ,m.
We ﬁx some j ∈ {1, . . . ,m} and write g → g¯ ∈ GL(W j) to denote the representation of G deﬁned
by the FG-module structure on W j . Let c(x) be the characteristic polynomial of g on W j . Then c(x)
is irreducible and self-dual by Lemma 2.1. Clearly c(x) and g¯ have the same order, which implies that
ord(c) is odd. By Lemma 2.2 we may assume that ord(c), and hence o(g¯), is a πi(q)-number for some
i  1. Since g¯i is also the πi(q)-part of g¯ , it follows that g¯i = g¯ . So, there is a subset J of {1, . . . ,m}
that contains j such that
V 〈gi〉 ∼= eF
⊕
t∈ J
ktWt ⊕
(
U ⊕ U∗)〈gi〉
i.e. gi acts as g on these Wt , but trivially on the other Wi ’s. As this is an even-multiplicity module
and U ∼= U∗ as F 〈gi〉-modules by Lemma 2.3, it follows that each kt , with t ∈ J is even. In particular
k j is even. The proof is now complete. 
We close this section with two examples.
Example 2.5. Let F = GF(2) and E = F (ξ) where ξ is a 15-th primitive root of unity. Let U be a
4-dimension vector space over F . Take a linear transformation g ∈ GL(U ) with the characteristic poly-
nomial
f (x) = (x− ξ)(x− ξ2)(x− ξ4)(x− ξ8).
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is not self-dual, that V is an even-multiplicity FG-module, and that the characteristic polynomial of g
on V is f (x) f ∗(x), where f (x) and its dual f ∗(x) are distinct irreducible polynomial over F . Note that
|G| = 3 · 5 ∈ π(2), but 3 ∈ π1(2) and 5 ∈ π2(2).
Therefore, in the situation of Lemma 2.3, FG may have a simple module that is not self-dual, if the
condition that G is a πi(q)-group for some i  1 is replaced by a weaker condition that G is a π(q)-
group. Also, this example tells us that in Theorem 2.4, not all of elements of G have the characteristic
polynomial of the given form.
Example 2.6. Choose distinct odd primes {p,q, r} such that pr|(q + 1) and a positive integer k satis-
fying p|(k + 1) and r|(k − 1). Let F be a ﬁnite ﬁeld with |F | = q and let E = F (ξ) where ξ is a pr-th
primitive root of unity. Take V to be a 4-dimension vector space over F and let G = 〈g〉 such that
g ∈ GL(V ) has the characteristic polynomial
c(x) = (x− ξ)(x− ξ−1)(x− ξk)(x− ξ−k).
It is easy to verify that |G| = pr ∈ π1(q), that V is a self-dual but not an even-multiplicity FG-module,
and that VH is an even-multiplicity module for every proper subgroup H of G .
This example shows that the condition (2) in Theorem 2.4 cannot be replaced by a weaker condi-
tion that V 〈gp〉 is an even-multiplicity module, where gp is the p-part of g and p runs over the prime
divisors of |G|.
3. Main results and proofs
We ﬁrst collect some standard results on characters of odd order groups. Recall that for a ﬁnite
group G , an irreducible character ϕ of G (or a simple FG-module U over a ﬁeld F ) is said to be
quasi-primitive if its restriction to every normal subgroup N of G is homogeneous, that is, ϕN (or UN )
contains a unique irreducible constituent.
Lemma 3.1. Let G be a group of odd order and let H be a maximal but non-normal subgroup of G. Suppose
that α is a G-invariant complex irreducible character of CoreG(H) and that χ1, . . . ,χm are the distinct quasi-
primitive irreducible constituents of αG . Then the restriction of each χi to H contains a unique irreducible
character ξi that occurs with odd multiplicity. Moreover, ξi occurs in αH and the ξ1, . . . , ξm are distinct.
Proof. Let N = CoreG(H) and let M/N be a chief factor of G . Then M/N is an elementary abelian
p-group for some prime p, as G is solvable by the Odd Order Theorem. Clearly MH = G and
M ∩ H = N . Since N  H , we have M  G and we may take a chief factor L/M of G . It follows
that gcd(|L/M|, |M/N|) = 1 and CM/N (L/M) = 1. Furthermore, all complements for M/N in G are
conjugate to H . These assertions are standard facts for p-solvable groups, see [12, Lemma 2.1], for
example.
By the going-up theorem [8, Problem 6.12], we see that α is extendible to M , or αM = eθ where
e2 = |M : N| and θ ∈ Irr(M), i.e. α is fully ramiﬁed with respect to M/N . In the former case, it follows
by [13, Corollary 2.2] that α has a unique G-invariant extension, say η, on M . We may let (χi)M = eiγi
for some positive integers ei and γi ∈ Irr(M), since each χi is quasi-primitive by the hypothesis. Then
all such γi are obviously G-invariant and lie over α. Since M/N is abelian, it is clear that each γi
extends α and hence γi = η. So each χi lies over η. In this case, it is well known that the restriction
of characters deﬁnes a bijection from the set of irreducible constituents of ηG to the set of irreducible
constituents of αH (see [11, Corollary 4.2]) and the result follows in this case.
In the latter case, namely α is fully ramiﬁed with respect to M/N , since each χi lies over θ , the
result also follows in this case by [8, Theorem 9.1]. 
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N = CoreG(H). Suppose thatα ∈ IBrp(N) is G-invariant. If ϕ1, . . . , ϕm are the distinct irreducible constituents
of αG , then (ϕ1)H , . . . , (ϕm)H are the distinct irreducible constituents of αH .
Proof. As in the proof of Lemma 3.1, we take M/N to be a chief factor of G such that MH = G and
M ∩ H = N . Since α is also M-invariant, the Green’s theorem (see [3, Lemma 2.2.3]) implies that α
is extendible to M and there is a unique irreducible Brauer character of M that lies over α. Now the
result follows by [17, Exercise 10.1]. 
Actually, what we need is the module-theoretic version over ﬁnite ﬁelds of the above two lemmas
(see Lemma 3.5 below), which is the key to the proof of Theorem A.
Lemma 3.3. Let G be a group of odd order, and let F ⊆ E be ﬁnite ﬁelds such that Gal(E/F ) is a cyclic 2-group
and that E is a splitting ﬁeld for G and all of its subgroups. Suppose that N is a normal subgroup of G and that
W is a G-invariant simple F N-module. Then W E := W ⊗F E is a direct sum of distinct G-invariant simple
EN-modules.
Proof. Let Γ = Gal(E/F ). As F is a ﬁnite ﬁeld, the Schur index of an F -character of N is trivial, and
according to [8, Theorem 9.21] we may let
W E ∼= W1 ⊕ · · · ⊕ Wr,
where W1, . . . ,Wr are distinct (up to isomorphism) simple EN-modules and constitute a single Γ -
orbit. It remains to show that each W j , j = 1, . . . , r, is G-invariant.
Let Γ1 be the stabilizer of W1 in Γ . Since Γ is abelian, Γ1 is also the stabilizer of each W j in
Γ and thus Γ/Γ1 acts regularly on the set {W1, . . . ,Wr}. But G acts on this set by conjugation as
W is G-invariant, so, for each g ∈ G there exists a unique σ ∈ Γ modulo Γ1, such that W g1 ∼= W σ1 .
Since conjugation by G commutes with Galois automorphisms on each W j , it easily follows that
g → σ modulo Γ1, gives rise to a well-deﬁned homomorphism from G to Γ/Γ1. This homomorphism,
however, is necessarily trivial because G and Γ have coprime orders, which forces each W j to be G-
invariant, as wanted. 
Corollary 3.4. Hypothesis of Lemma 3.3 on G, F , E and Gal(E/F ). If U is a quasi-primitive F G-module, then
U E ∼= U1 ⊕ · · · ⊕ Us
where U1, . . . ,Us are distinct quasi-primitive simple EG-modules.
Proof. As in the proof of Lemma 3.3, the Schur index of an F -character of G is trivial and thus U E is
a direct sum of distinct (up to isomorphism) simple EG-modules Ui . It suﬃces to prove that each Ui
is quasi-primitive.
Let N be a normal subgroup of G . Then we may let UN ∼= eW where W is a simple F N-module
and e  1, as U is quasi-primitive. In particular, W is G-invariant, and Lemma 3.3 implies that
W E ∼= W1 ⊕ · · · ⊕ Wr,
where W1, . . . ,Wr are distinct G-invariant simple EN-modules. Because (U E )N ∼= (UN )E , we have
(U1 ⊕ · · · ⊕ Us)N ∼= e(W1 ⊕ · · · ⊕ Wr).
It follows from Clifford’s theorem that for each i ∈ {1, . . . , s} there exists a unique i′ ∈ {1, . . . , r} such
that (Ui)N is a multiple of Wi′ . As N is an arbitrary normal subgroup of G , each Ui must be quasi-
primitive. 
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N = CoreG(H). Suppose that W is a G-invariant simple F N-module and that one of the following holds.
(1) p | |G| and |G : H| is a power of p.
(2) p  |G| and N  H.
If U is a quasi-primitive simple F G-module lying over W , then UH is semi-simple and has, up to isomorphism,
a unique simple submodule that occurs with odd multiplicity, that is,
UH ∼= X ⊕ 2 · Y ,
where X is a simple F H-module and Y is a semi-simple F H-module.
Furthermore, if U ′ is also a quasi-primitive simple F G-module lying over W and X ′ is a simple submodule
of U ′H with odd multiplicity, then U ∼= U ′ as F G-modules if and only if X ∼= X ′ as F H-modules. In particular,
U is a self-dual F G-module if and only if X is a self-dual F H-module.
Proof. Let Γ = Gal(E/F ). Fix a quasi-primitive simple FG-module U lying over W . Then UN ∼= eW
for some e  1, which implies that W is G-invariant. As before, we may let
U E ∼= U1 ⊕ · · · ⊕ Us and W E ∼= W1 ⊕ · · · ⊕ Wr,
where Ui ’s and W j ’s are distinct simple EG-modules and EN-modules, respectively. By Lemma 3.3,
each W j is G-invariant and by Corollary 3.4, each Ui is quasi-primitive and lies over a unique Wi′ for
some i′ ∈ {1, . . . , r}, as (U E )N ∼= eW E . Since E is a ﬁnite splitting ﬁeld for all subgroups of G , we may
use Brauer characters afforded by EG-modules, and in the case where p  |G|, all the Brauer characters
coincide with complex characters, as explained in the Introduction. Therefore, by Lemmas 3.1 and 3.2
(both used for EG-modules) we may write
(Ui)H ∼= Xi ⊕ 2 · Yi, for i = 1, . . . , s,
where each Xi is a simple EH-module and Yi is a semi-simple EH-module (we take Yi = 0 for all
i = 1, . . . , s under condition (1)). In particular, since (Ui)N is a multiple of Wi′ , it follows that Xi also
lies over Wi′ .
We claim that X1, . . . , Xs are distinct and constitute a single Γ -orbit. To see this, we assume that
Xi ∼= Xk for some i,k ∈ {1, . . . , s}. Then (Xk)N must be a multiple of the Wi′ as (Xi)N is. Hence both
Ui and Uk lie over the same Wi′ , which implies that Ui ∼= Uk by Lemmas 3.1 and 3.2 again. So i = k
and X1, . . . , Xs are distinct. Furthermore, for each σ ∈ Γ we have
(
Uσi
)
H
∼= ((Ui)H
)σ ∼= Xσi ⊕ 2 · Y σi ,
that is, Xσi is also a unique (up to isomorphism) simple submodule of (U
σ
i )H that occurs with
odd multiplicity. But {U1, . . . ,Us} is a single Γ -orbit, it follows that Γ operates transitively on
{X1, . . . , Xs}, as claimed.
Moreover, it is easy to see that Γ operates on {Y1, . . . , Ys} by the Krull–Schmidt theorem. Thus
there exist a simple F H-module X and a semi-simple F H-module Y such that
XE ∼= X1 ⊕ · · · ⊕ Xs and Y E ∼= Y1 ⊕ · · · ⊕ Ys.
According to the Deuring–Noether theorem (see [5, VII.1.22]), we get
UH ∼= X ⊕ 2 · Y .
This proves that UH is semi-simple and has a unique (up to isomorphism) simple submodule X with
odd multiplicity, as desired.
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submodule of U ′H with odd multiplicity. Similarly, we may write
(
U ′
)E ∼= U ′1 ⊕ · · · ⊕ U ′t and
(
U ′j
)
H
∼= X ′j ⊕ 2 · Y ′j
for all j = 1, . . . , t , where U ′1, . . . ,U ′t are distinct simple EG-modules, each X ′j is a simple F H-module
and Y ′j is a semi-simple F H-module. Using the above argument and the Krull–Schmidt theorem, we
may deduce that
(
X ′
)E ∼= X ′1 ⊕ · · · ⊕ X ′t .
Also, if X ∼= X ′ as F H-modules then Xi ∼= X ′j as EH-modules for some i ∈ {1, . . . , s} and j ∈ {1, . . . , t},
and the same argument yields Ui ∼= U ′j which forces U ∼= U ′ . Of course U ∼= U ′ clearly implies X ∼= X ′
by the Krull–Schmidt theorem again. The proof is now complete. 
The following result is a very special case of [4, V.18.4].
Lemma 3.6. If a group G has a normal abelian subgroup A such that G/A is nilpotent, then G is an M-group.
Now we are ready to prove Theorem A. In fact, it suﬃces to prove the following Theorem 3.7
which, along with Lemma 2.3, clearly completes the proof of Theorem A.
Theorem 3.7. Let G be a group of odd order, F a ﬁnite ﬁeld with q elements, and V a self-dual F G-module.
If VC is an even-multiplicity F C-module for every cyclic πi(q)-subgroup C of G with i  1, then V is also an
even-multiplicity F G-module.
Proof. Assume that V is not an even-multiplicity FG-module. We choose {G, F , V } with |G| minimal
among all such triplets satisfying the hypotheses but not the conclusion of the theorem. We will
derive a contradiction by carrying out the following steps, thus proving the theorem.
Step 1. In the hypothesis we may assume that F is chosen so that there exists a ﬁnite splitting ﬁeld E ⊇ F
for all subgroups of G, such that Gal(E/F ) is a cyclic 2-group.
Let E = F (ξ) where ξ is a primitive |G|-th root of unity. It is well known that E is a splitting ﬁeld
for G and all its subgroups, see [5, VII.2.6]. Clearly the Galois group Gal(E/F ) of the ﬁeld extension
E/F is cyclic, and hence there exists an intermediate subﬁeld K such that |K : F | is odd and |E : K | is
a 2-power, by some standard facts from Galois theory on ﬁnite ﬁelds.
Now we ﬁx a subgroup H  G . Suppose that W ⊆ U are submodules of VH such that U/W is a
composition factor of VH . Then we may view W K ⊆ U K as K H-submodules of (VH )K ∼= (V K )H and
we obtain
U K /W K ∼= (U/W )K ∼= X1 ⊕ · · · ⊕ Xr
where X1, . . . , Xr are distinct simple K H-modules and constitute a single Gal(E/F )-orbit. Clearly r
divides |K : F | and hence r is odd, which implies that one of Xi (and hence all) is a self-dual
K H-module if and only if U/W is a self-dual F H-module. Furthermore, if U1/W1 is a composi-
tion factor of VH , not isomorphic to U/W , then according to Deuring–Noether’s theorem (see [5,
VII.1.22]), (U/W )K and (U1/W1)K have no simple K H-submodules in common. Therefore we may
conclude that VH is an even-multiplicity F H-module if and only if (VH )K ∼= (V K )H is. In other words,
we may work with the triplet {G, K , V K }. Without any loss, we may assume that F = K and then
|Gal(E/F )| = |E : F | is a power of 2, as wanted.
P. Jin / Journal of Algebra 330 (2011) 418–430 427Step 2. We may assume that
V ∼= V1 ⊕ · · · ⊕ Vn
where V1, . . . , Vn are distinct (to within isomorphism) self-dual non-trivial simple F G-modules.
Clear from the Krull–Schmidt theorem.
Step 3. V H is an even-multiplicity F H-module for every proper subgroup H of G. In addition, V is a faithful
F G-module.
This clearly follows from the minimality of |G|.
Step 4. Each V i appearing in Step 2 is quasi-primitive.
We ﬁx U = Vi for some i ∈ {1, . . . ,n} and let N be a normal subgroup of G . Assume that UN is
not homogeneous. Then Clifford’s theorem implies that
UN ∼= e(U1 ⊕ · · · ⊕ Uk)
where e  1, k > 1 and U1, . . . ,Uk constitute a single G-orbit under conjugation. Let T be the inertia
group of U1 in G . Then |G : T | = k and T  G . Since UN is self-dual and k is odd, it follows that
each U j is self-dual. Let W be the homogeneous component of U1 in UN . Then W is a simple F T -
module and is uniquely determined by the condition that WG ∼= U and WN ∼= eU1. In particular, W is
self-dual because both U and U1 are self-dual. Thus W has even multiplicity as a composition factor
of VT , as VT is an even-multiplicity module by Step 3.
On the other hand W has multiplicity 1 as a composition factor of UT by Clifford’s theorem again.
It follows that there must exist some j 	= i such that W is also a composition factor of (V j)T . So
V j lies above U1. We conclude that V j ∼= WG ∼= U = Vi as FG-modules, contradicting the fact that
V j  Vi by Step 2. This proves that UN must be homogeneous and hence each Vi is quasi-primitive.
Step 5. The characteristic of F does not divide |G| and G is an M-group.
Let p be the characteristic of F and assume ﬁrst that p||G|. The odd order theorem implies that
G is solvable. Let H be a maximal subgroup of G containing a Hall p′-subgroup of G . (Recall that a
Hall p′-subgroup of G is a p′-subgroup of p-power index in G , and by [4, VI.1.7] such a subgroup
always exists for solvable groups.) So |G : H| is a power of p. Clearly O p(G), the maximal normal
p-subgroup of G , centralizes the faithful semi-simple module V . This forces O p(G) = 1 and hence
1 	= O p′(G) ⊆ H . Let N = CoreG(H). Then N 	= 1 in this case.
Next, we assume that p  |G| and that G is not an M-group. By the odd order theorem again, the
solvability of G implies that Or(G) 	= 1 for some prime r. Let Z = Z(Or(G)). Then Z 	= 1 and G/Z
cannot be nilpotent by Lemma 3.6. Hence G/Z has a maximal subgroup H/Z which is not normal
(see [6, II, Exercise 7.6] for example). Clearly H is maximal in G . In this case we still let N = CoreG(H)
and we have 1 N  H .
Now, as N is non-trivial in both cases and V is faithful by Step 3, there exists some V i in Step 2
such that (Vi)N contains a non-trivial simple submodule, say W . Of course W is G-invariant because
Vi is quasi-primitive by Step 4. Let Λ = {i | Vi lies over W } and set
V ′ =
⊕
i∈Λ
Vi and V
′′ =
⊕
j /∈Λ
V j .
Then V = V ′ ⊕ V ′′ . Clearly V ′H and V ′′H have no composition factor in common, which implies that
V ′H is necessarily an even-multiplicity module as VH is. However, we may use Lemma 3.5 to deduce
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tradiction proves that the above two cases cannot occur and hence p  |G| and G is an M-group, as
desired.
Step 6. G is cyclic.
We ﬁx U = Vi for some i ∈ {1, . . . ,n}. Then U is quasi-primitive by Step 4, and by Corollary 3.4
we have
U E ∼= U1 ⊕ · · · ⊕ Us
where U1, . . . ,Us are distinct quasi-primitive EG-modules. Now Berger’s theorem [8, Theorem 11.33]
implies that all of quasi-primitive irreducible complex characters of G are linear, as G is an M-group
by Step 5. Since E is a splitting ﬁeld for G with gcd(|E|, |G|) = 1, the Brauer character afforded by
an EG-module coincides with a complex character of G . From this we may conclude that each of the
above U j is of E-dimension 1 and hence the commutator subgroup G ′ of G acts trivially on each U j .
So G ′ centralizes each Vi . However, since V ∼= V1 ⊕ · · · ⊕ Vn is faithful by Step 3, we have G ′ = 1 and
G is abelian. What remains is to prove that G is actually cyclic.
Suppose that G is not cyclic. Fix an element g ∈ G and let C = 〈g〉. Then C  G as G is abelian.
Since G has odd order, it follows from Clifford’s theorem that each simple submodule of VC must
be self-dual. As C  G , we conclude that VC is an even-multiplicity module by Step 2. Clearly VC is
semi-simple by Clifford’s theorem. Now
VC ∼= 2 · 
where  is a semi-simple F C-module. Thus
(
V E
)
C
∼= (VC )E ∼= 2 · E .
Let ϕ be the Brauer character afforded by the EG-module V E . Then ϕ is a complex character of G
because gcd(|E|, |G|) = 1 and we have ϕ(g) = 2ω for some complex algebraic integer ω. As g ∈ G is
arbitrary, it follows that 2 also divides
|G|[ϕ,χ ] =
∑
x∈G
ϕ(x)χ
(
x−1
)
for all χ ∈ Irr(G). This forces [ϕ,χ ] to be even, as |G| is odd, i.e. ϕ = 2ψ , where ψ is a complex
character of G .
However, by extension theory V E =⊕ni=1 V Ei is a direct sum of distinct simple modules, as
V1, . . . , Vn are distinct by Step 2. So the complex character ϕ afforded by V E also equals a sum
of distinct complex irreducible characters of G . This contradiction implies that G must be cyclic.
Now, Theorem 2.4, along with Step 3, implies that G is necessarily a cyclic πi(q)-subgroup for
some positive integer i. This is the ﬁnal contradiction and thus completes the proof. 
The following are Corollary B and Corollary C in the Introduction, which can be proved simultane-
ously by the same arguments used in [1].
Corollary 3.8. Let G be a group of odd order and let F be a ﬁnite ﬁeld with |F | = q. Assume one of the following.
(1) V 	= 0 is a symplectic F G-module.
(2) V 	= 0 is a symmetric F G-module that contains a self-perpendicular F -subspace.
Then V is hyperbolic if and only if for each i  1, the characteristic polynomial on V determined by every
πi(q)-element of G is a square of a polynomial over F .
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module. To do this, we ﬁrst need to collect some standard facts for symplectic FG-modules in [1],
that also hold for symmetric modules by the same arguments.
Let V be a symplectic (or symmetric) FG-module with the form b and let W be a submodule of V .
We say that W is isotropic if W ⊆ W⊥ , and W is anisotropic if it contains no non-trivial isotropic
submodules.
Furthermore, if W is a maximal isotropic FG-submodule of V , then the factor module V¯ = W⊥/W
is again a symplectic (or symmetric) FG-module with the symplectic (or symmetric) form b¯ deﬁned
by
b¯(u + W , v + W ) = b(u, v), for all u, v ∈ W⊥,
see [1, 1.4]. Clearly V¯ is anisotropic by the maximality of W , so we may use [1, 2.1] and the same
argument to yield that
V¯ = U1 ⊕ · · · ⊕ Un,
where n  0 and all Ui are symplectic (or symmetric) simple FG-submodules of V¯ . In particular, all
Ui are self-dual. Moreover, by [1, 3.1] and the same argument we may prove that V is hyperbolic if
and only if V¯ = 0.
Assume (1). As G has odd order, we conclude that all Ui are distinct (up to isomorphism) non-
trivial FG-modules by Proposition 1.10 and Proposition 2.10 of [1]. This, along with the fact that
V /W⊥ ∼= W ∗ , clearly implies that V is an even-multiplicity module if and only if V¯ = 0. The result
follows in this case.
Assume (2). Using the same arguments in [1] we may conclude that all of the non-trivial Ui are
distinct. It follows that V is an even-multiplicity module if and only if V¯ contains no non-trivial
submodules, that is, G acts trivially on V¯ . On the other hand, since V contains a self-perpendicular
F -subspace by hypothesis, V¯ also contains such an F -subspace. This, along with the fact that V¯ is
anisotropic, implies that G acts trivially on V¯ if and only if V¯ = 0. The result also follows in this
case. 
Finally we present an example to show that the “cyclic induction” used in Theorem A is no longer
true for groups of even order.
Example 3.9. Let F = GF(4) and let V = F ⊕ F . Deﬁne a form b on V by
b
(
(λ,μ),
(
λ′,μ′
))= λμ′ + λ′μ, for all λ,λ′,μ,μ′ ∈ F .
Then V is a non-degenerate symplectic space over F . Let G be a subgroup of the symplectic group
Sp(V ) of V such that G ∼= S3, the symmetric group on three letters. It is easy to prove that V is a
symplectic simple FG-module but VC is hyperbolic for every cyclic subgroup C of G .
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